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Abstract
It is shown that the Stu¨ckelberg formalism can be regarded as
a field-enlarging transformation that introduces an additional gauge
symmetry to the considered model. The appropriate BRST charge
can be defined. The physical state condition, demanding that that a
physical state is to be anihilated by the BRST charge, is shown to be
equivalent to the Stu¨ckelberg condition. Several applications of the
new approach to the formalism are presented. The comparison with
the BFV procedure is given.
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1 Introduction
The choice of variables used to describe a quantum field theory should
not have any physical significance. Such a field redefinition invariance is a
quite nontrivial problem in quantum field theory. Complication may arise
already at the level of free theories. A well known complication arise when
one considers renormalizability of a gauge theory: one is forced to introduce
extra degrees of freedom to show it (the unitary gauge is nonrenormalizable).
Recently, it has been proposed to apply the BRST symmetry idea to the field
redefinition problem [1, 2]. We would like to show how these tools work in
the Stu¨ckelberg formalism case [3]. The application of the general formal-
ism presented in [1, 2] to a concrete and popular physical model allows for
a deeper insight into the Stu¨ckelberg formalism. Moreover, it suggests its
generalization to the general case of a vector field having couplings of the
non-Yang-Mills type. We shall also discuss the relation of the field-enlarging
transformation to the Batalin- Fradkin-Vilkoviski formalism [4, 5] on the ex-
ample of the anomalous U(1) chiral gauge theory [6-10].
2
2 Abelian case
Let us consider an Abelian massive gauge field Aµ with the following
Lagrange density:
L = −1
4
FµνF
µν +
m2
2
AµA
µ , (1)
where
Fµν = ∂µAν − ∂νAµ
and apply to it the following field-enlarging transformation [1,2,8,9]:
Aµ = A
′
µ +
1
m
∂µφ ≡ gµ (A′, φ) . (2)
The substitution of (2) into (1) gives (we will write Aµ instead of A
′
µ)
L = −1
4
FµνF
µν +
m2
2
AµA
µ +
1
2
∂µφ∂
µφ+mAµ∂
µφ . (3)
The above Lagrangian density is invariant with respect to the following gauge
transformations [1,2]:
δφ (x) = α (x) (4a)
3
δAµ (x) = −
∫
d4zd4y
[
δgµ (A, φ)
δAν
]−1
(x, y)
δgν (A, φ)
δφ
(y, z)α (z) = − 1
m
∂µα (x) ,
(4b)
where α is an arbitrary function. In order to quantize this we have to remove
the gauge freedom. Let ua consider the following gauge fixing term
Lgf = −λ
(
∂µA
µ − m
2λ
φ
)2
. (5)
The gauge-fixed Lagrangian density takes the form
L = −1
4
FµνF
µν +
m2
2
AµA
µ − λ (∂µAµ) + 1
2
∂µφ∂
µφ− m
2
4λ
φ2 . (6)
This is the standard Stu¨ckelberg form of the Lagrangian for a massive Abelian
gauge theory! The BRST charge of this model for the symmetry (4) is given
by
QBRST =
∫
d3xB∂0c− ∂0Bc = i
∑
k
(
c
†
kBk − B†kck
)
, (7)
where B is the auxiliary field that linearize the gauge-fixing term and c
denotes the ghost field [11]. The property that Abelian ghosts decouple
imply that the state vector space V can be decomposed into a direct product
V = V ′ ⊗ VFP , where the VFP contains only ghost fields and all other fields
belong to V ′. The physical state condition, QBRST |phys >= 0, takes in our
case the form
4
Bk|phys >= 0 , for all k. (8)
When one combine this with the B-field equation of motion, one gets:
(
∂µA
µ − m
λ
φ
)
k
|phys >= 0 (9)
which is precisely the Stu¨ckelbeg physical state condition. Let us notice that,
although the gauge fixing term breaks the gauge symmetry (4), the Lagrange
density (6) is still invariant with respect to (4) if
✷α +
m2
λ
α = 0 . (10)
This explains the source of the ”extra” symmetry of the Stu¨ckelberg model:
the gauge fixing condition allows it. Of course, other gauge fixing conditions
are also possible. they will give us other possible forms of a massive Abelian
gauge field model. It is obvious that the condition φ = 0 (unitary gauge)
leads to (1).
3 Non-Abelian case
The non-Abelian massive gauge field has the following Lagrange density:
L = −1
2
TrFµνF
µν +m2Tr (AµA
µ) , (11)
5
where
F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν .
To generalize our construction to the non-Abelian case, let us perform the
field-enlarging transformation
Aµ = U
†A′µU −
i
g
U †∂µU , (12)
where the field U takes values in the adjoint (unitary) representation of the
gauge group. This results in (as before we drop the prime sign over the gauge
field)
L = −1
2
TrFµνF
µν+m2Tr (AµA
µ)−2 im
2
g
Tr
(
∂µUU
†Aµ
)
−m
2
g2
Tr
(
U †∂µUU
†∂µU
)
.
(13)
It is convenient to write the U field as
U (x) = exp
(
ig
m
φa (x) T a
)
,
where T a denotes the Lie algebra generators of the gauge group. The Eq.
(13) can be then rewritten to
L = −1
2
TrFµνF
µν +m2Tr (AµA
µ) + 2mTr (∂µφA
µ) + Tr (∂µφ∂
µφ) . (14)
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As in the Abelian case, this Lagrange density is invariant with respect to the
following gauge transformations
δφa (x) = αa (x) (15a)
δAaµ (x) = − (Dµα)a (x) , (15a)
where Dµ denotes the covariant derrivative. To quantize the model we have
to choose a gauge condition. The gauge- fixing condition
Lgf = −λTr
(
∂µA
µ − m
λ
φ
)2
(16)
leads to te Lagrange density (we omit ghost fields)
L = −1
2
TrFµνF
µν +m2Tr (AµA
µ) + λTr (∂µA
µ)2 + Tr (∂µφ∂
µφ)− m
2
λ
Trφ2
(17)
which is the standard Stu¨ckelbeg’s one. Other gauge conditions provide
us with more sophisticated forms of the massive non-Abelian gauge field
Lagrangians. The BRST charge, due to the presence of a more complicated
ghost sectors, has not such an obvious interpretation as in the Abeliam case,
but it still contains the condition that removes the scalar component of Aµ.
Indeed, we can write
7
QBRST = c
a
(
∂µA
µ − m
λ
φ
)
a
− i
2
f cabc
acbπc , (18)
where ca and πa are the ghosts and their canonical conjugate fields. The we
have
QBRST |ψ >= caGaψ(0) + 1
2
cacb
[
Gaψ
(1)
b −Gbψ(1)a − if cabψ(1)c
]
+ . . . , (19)
where G =
(
∂µA
µ − m
λ
φ
)
and ψ(i) denotes the i-ghost-level component of the
state
ψ =
k=n∑
k=0
1
k!
ca1 . . . cakψ(k)a1...ak .
We see that the physical state condition QBRST |phys >= 0 leads to
(
∂µA
aµ − m
λ
φa
)
ψ(0) = 0 . (20)
Unfortunately, we cannot ensure that there are no physical states comming
from higher ghost level: at least academic examples of such theories can be
given [12]. However, Yang-Mills theories seem to be safe and the BRST-
physical-state condition forces the Stu¨ckelberg one [12, 13].
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4 Applications
In this Section we would like to describe two possible applications of the
described approach to the Stu¨ckelberg formalism. First, we shall generalize
the approach to the case of a vector field with a non-Yang-Mills types of
couplings, that are often introduced while discussing possible deviation from
the orthodox standard model of the electroweak unification. Then we shall
consider the anomalous U(1) chiral gauge theory and show the Stu¨ckelberg
formalism is related to the Batalin-Fradkin-Vilkovisky procedure.
4.1 Vector field with non-Yang-Mills types of couplings
Very often, one has to use an effective Lagrangian as a low energy ap-
proximation to a yet not known theory.. For example, such considerations
are important for analysing the possible existence of anomalous weak vector
bosons couplings [14-19]. One can impose olny the conditions of Lorentz and
U(1)em invariance [14,15] on such an effective Lagrangian. It is also possible
to require invariance with respect to the SUL(2)⊗UY (1) but with the SUL(2)
gauge symmetry nonlinearly realized [16-19]. We would like to show that by
using the Stu¨ckelbeg formalism these models are related. Let us suppose that
the Lagrangian density
L
(
Fµν , Aµ,W
±
µ , Zµ, ψi
)
(21)
9
is a general Lagrangian whose form is constrained only by the requirement
of invariance with respect to the Lorentz and the Uem(1)-gauge symmetries.
W±µ and Zµ denote field mediating weak inteactions. Aµ is the photon. Fµν
denotes the vector field kinetic term and ψi all matter fields. The field-
enlarging transformation
1
2
(
gZZµ
√
2gWW
+
µ√
2gWW
−
µ gZZµ
)
= Wµ → W ′µ = U †WµU − iU †∂µU (22)
ψ → R (U)ψ , (23)
where R denotes the appropriate matter field representation and U †U = 1,
introduces a non-linearly realized SUL(2) gauge symmetry to the model. The
condition U †U = 1 removes the physical scalar particle from the spectrum.
Effectively, the transformation (22) can be realized by the substitution
gWW
±
µ → tr
[
τ±W ′
]
(24a)
gZZ → tr
[
τ±W ′
]
, (24b)
where τ± = 1
2
(τ1 ± iτ2 and τi tenote the SU(2) generators. Note, that if we
do not perform (23) then the matter fields are gauge invariant. So, in fact,
we have two types of gauge symmetry at our disposal. As before, various
10
gauge fixing conditions leads to different representations of the model. This
generalizes the considerations presented in [14]. Note, that the possible cut-
offs dependence of the results makes the above considerations quite non-
trivial.
4.2 Anomalous chiral U(1) gauge theory
Let us consider the following Lagrange density
L = −1
4
FµνF
µν +
m2
2
AµA
µ + iψ¯Lγ
µ (∂µ + igAµ)ψL , (25)
whereψL =
1
2
(1− γ5)ψ is the left-handed Weyl field. The transformation (2)
leads to the following Stu¨ckelberg Lagrangian
L = −1
4
FµνF
µν +
m2
2
(Aµ + ∂µθ)
2 + iψ¯Lγ
µ (∂µ + igAµ + ig∂µθ)ψL . (26)
The Fujikawa method [21] can be used to derive the equality (the path inte-
gral is understood)
gψ¯Lγ
µ∂µθψL =
g3
32π2
ǫµνρσθFµνFρσ . (27)
So finaly, we have
11
L = −1
4
FµνF
µν+
m2
2
(Aµ + ∂µθ)
2+iψ¯Lγ
µ (∂µ + igAµ)ψL− g
3
32π2
ǫµνρσθFµνFρσ .
(28)
Here, the last term is the result of the anomalous transformation of the
fermionic determinat. It depends on the spacetime dimension [9, 10, 20, 21].
Now, it is obvious that the Stu¨ckelberg formalism have to be put in force
as a field-enlarging transformation. The addition of the scalar deegrees of
freedom alone would neglect the last term in (28) and the symmetry would
not be restored. The same Lagrangian can be obtained by the BFV quan-
tization procedure [4,5] (plus the gauge-fixing and ghosts sectors). To get
the orthodox form of the Stu¨ckelberg Lagrangian in the BFV formalism one
has to choose the correct gauge condition [6]. In our approach, when the
additional symmetry is explicitely introduced, there is full analogy between
the Stu¨ckelberg scalar field and the BFV field. Different gauge conditions re-
sult (equivalent) representations: no special gauge is required. The explicit
form of the additional symmetry allows imediately to answer the question
[6] why the simultaneous apprerance of both the kinetic term of the scalar
field θ and the Wess-Zumino term requires the presence of the gauge field
mas term. The answer is: the mass term is necessary because it compesates
the transformaton of the scalar field kinetic term. Otherwise the symmetry
would be broken.
12
5 Concluding remarks
We have shown that the Stu¨ckelberg formalism can be regarded as a field-
enlarging transformation that introduces an additional gauge symmetry to
the model. Such transformation does not influence the S-matrix because it is
a point transformation. The well known theorems concernig point transfor-
mations imply this [22]. If one fully explores the BRST structure of the model
one gets that the Stu¨ckelberg physical state condition is exactly the require-
ment that the BRST charge anihilates physical states. It is also possible to
visualize direct analogies with the Batalin-Fradkin-Vilkovisky quantization
procedure. The Stu¨kelberg approach allows to keep track of additional sym-
metries. This is not always possible in the abstract formulation. The origin
of the anitfields can be undrestood in an analogous way [24]. The formalism
can be also used to analyse the bosonisation phenomenon [9, 23] and quan-
tization of anomalous chiral theories [10]. Wide application of the formalism
in the effective Lagrangian models, along the lines can be anticipated [14].
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